
The Loughran - Smuts
conjecture over an

arbitrary base

by

Julian hyczak
based on work with Browning and Sarapin

Browning group working seminar

24th November
,
2021



Plan

I Local solubility in families
II General base

II Proofs



I Local solubility in families

classical question • k # field
• Xtk variety

Is ✗ (b) empty ?

Exa 2×0^+7 xp - 3×3--0 .

and how does this depend

on 2
, 7 ,

-3 ?

Our question . ×
, y k - varieties

• ot : ✗ → Y

For how many yeylk) is Xylkl empty ?



Exa ✗ = { yoxfi-y.sc?+yzxi=o} → IPG
1-7 ( yo : y , :yz)

Dfn

Nglob (B) := # { YEY# : ✗ylhl -1-4 , H.fr) a- B}

Nwc (B) : = # { YEYEQ) : Xy (As ) -4¢ , Hly) :B }

Assumptions
• X

, Y projective , geom
.int

• y smooth
, ✗ preferably too

• IT dominant

• it has geom.int . generic fibre ( a general Xy is geon.int . )



A bad member Xy does not influence the count by itself

But if there are enough of them they do .

Heuristic

The order of Nia (B) is influenced by bad behaviour
in codimension 1 on Y .

Exa (Poonen & Voloch)

✗ = { yoxodty , xodtx , +- + you send } p? N-1¥ ) - l

degree d hypersurface ✗
y
c- Pd

.
n.dz 2 G. d) =/2,4 .

Moc (B) most B same order as Ny (B) .



Dfn A variety X/k is split if it contains a non - empty

geom .

int
. open

UEX
.

Exa

split non- split

& ☒Galois

µ nult
. fibre

1
Exa yoxity.sc?+yzxz2--oyEP2(k)Yi--° XI

•I •←
0

K¥ • •

← yo -_ °

⇒



For every codim 1 pt D we have a rat
.
number

0£ f (D) c- 1 which measures splitness .

Properties
• ✗

☐ split ⇒ 8 (D)=L

• ✗☐ split by a cyclic field of degree d⇒ f(D) =dt

Dfn AGT) = I C- SAD
DEY
"

Thm ( Loughran - Smuts) If ✗=P
"

Nice (B) ⇐ ¥3)AH
Conj ( Loughran - Smuts) If ✗=p

"

and no malt fibres over

codim 1 pts , %ogBj^-H is the correct order of growth



I General base

what if y -1-110
" ?

We still want Y to have

• many rational pts

•• no accumulating subsets
F-

Naive conj y Fano with then

Nwe (B) n c,
B lot B) "

"

← Manin conj for y

fog B)
AM

wrong !



✗ =L yoxfty.sc?+yzxi+yzx3=o} diag quad surfaces

w

y={ Joy , = yzys} quad surfaces .

Non - split fibres over :

Dij ={yi=yj=o} iE{0,1} , je { 2,3} .

Note . ✗ is not smooth

• let → ✗ be a desingularization .

• We actually care about ¥ : I → ✗ y

• Mock , D) and Mock ,
B) have same order

.

• (E) might be different from AGT)
,
but is independent of dosing . I .



Thm (Browning , Sarapin , 2.)
B Noctis) B

But Aki)=2
.

Note y Elp
'

xp
'

so py=2 ,
so naive conj . is wrong !

However the thin set { y→ : - Yiy ; is a square }
already contributes to Noctis) of order D.

Remark Yoko
?
+ yixidtyzxiho over yoy , =L> Yz

has sane behaviour
,
but we lose the symmetry is yz&yz .

note the apparent double fibres over Doz and Diz

These disappear on I → y .



II. Proofs

Prop The blowup ✗
'

→ ✗ resolves the singular locus

above the generic points of Dij .

Prf Reduce the blowup of the 4- dim ✗ in the 1-dim

locus into a blowup of a 3- dim variety in a o- dim

locus and compute explicitly .

Cor the fibre of X
'

over generic pts . of Dij has 4 comp .

which are conjugated in pairs

⇒ SE LD;-) =L ⇒ A-(E) =2 .



Lem Nwc (B) ⇒ B.

Prf consider g- = ( x: y :-X : - y) .

This already gives
order B ; count points p

' with the anti canonical height .

Prop Nice (B) KB

Take H (g) = maxfyyi , }②←
anti canonical height .

1) # { g- : yay , yay, =o , Hlj)±B3ucB

2) g- c- 2=40 can be written as

g- = (tote ,
1- it, , tot, ,

titz)
,

te 7=40

Nice (B) K # { I c-Zico : / total
, -

£5B

✗ tote
.
-

Cato.)*¢}to(B)



3) U = { a- c- Z" : Uiz < Ui Elli }
Ui square free }N*(no

,
- its) : = #{ ÑEU :

✗you , , - LA ☒1-+0

ten or
*(a) ⇐ Y¥ag"Y÷p urn -- nndui }

.

Lem (Multidimensional large sieve , Kowalski )

✗ = { ñ C- Zd : -Wienie Ni } and Rp E Fpd

# { ñ c- ✗ : ñ does not reduce to Dp for all p EL}
⇐

where Fl4=¥iiH¥¥



Take Sp union of the set and its four symmetrical brothers
.

{ FE Fp
"
: ro=o

,
t.hr] -1-0

,

-rzr, 4- Fp
" }

.

Lem ñ squarefree and it reduces to Ip ⇒ Xñ(Qp)=o .

Prf standard
.

hem FLL)→ Cog 2)
2

Idp )
Prf Irp / computable ,

so pimp,
> F- 4- ¥5s

Using Canoy others) I ¥4 -Zptsbypn ② leg ✗
↳ aL*)p:X

②→
we get FLL) ⇒ (log L ) .

prf for NYU) ⇐ Umin -2 dear ✓

for Amin 22 use large sieve with L = Union



N*(U) (
Uo 44243

Gog Um ,;)
?

↳↳ ↳ Us

( I + log Unm)
'

4) All I in an interval

NLT ) := # { EEE" : Tik < ti e- Ti , ✗t.LA/a)=o3ti--uimi2MLuiP--2.--Xt-(Atox)=oc--sXu-(Aod=o
NII)=I I N*(¥

,
-

,
¥)

Molto MsETz

⇐
" I

TOTITZTS

o£j± } MEminims (it hg tin;))2

I

⇐ To-1,1-213 I I m
,
? lixlgltim;))2

o⇐j£ ] MITTY



For m large the sum is very small , the other region gives

TOT , Tats
⇐
it log Tmin

5) Sum over Ti powers of 2 and a

gives Moe (B) KB .


